Summary Amodel, presented in aprevious paper [J.App. Phys. 108 (2010)074910], describing the modes coupling due to scattering on small one-dimensional irregularities (parallel ridges)o fthe surface of isotropic solid plates, when shear horizontal wavespolarized along the ridges propagate perpendicularly to them, appears to be aconvenient tool to tackle the effects of the shape profile of the ridges (including the depth and the slope). Being concerned by the use of this analytical approach not utilised until now, several results, yet typical of applications, are presented belowand compared with some experimental and numerical results, even analytical results (from an alternative analytical model for particular cases). These comparisons permit to highlight the effects of spatial periodicities of the ridges and showthat the method could provide information on geometrical parameters characterising the profile of the roughness, which could be of interest when other methods likeoptical methods cannot be used.
Introduction
The paper aims at providing results obtained from both an analytical model presented in aprevious paper [1] and an experimental setup installed for the purpose [2] , in order to describe the modes coupling due to scattering on small one-dimensional irregularities (parallel ridges)ofthe surface of isotropic solid plates, when shear horizontal waves polarized along the ridges propagate perpendicularly to them, having in mind to propose ac onvenient method to tackle the effects of the shape profile of the ridges (including the depth and the slope).
The two-dimensional (x, z), homogeneous solid plate in vacuum [domain (D), z ∈ (z 1 ,z 2 )] considered, is assumed to be infinite in the y-direction and bounded by twop arallel surfaces perpendicular to the z-axis, one of them having 1D shape perturbation (small ridges parallel to the y-axis)( Figure 1) .A tt he entrance x = 0o ft his plate, ah armonic, incident propagating SH-wave( speed c T )c oming from x → (−∞)i sc haracterized by the amplitude (depending on the coordinate z)o ft he shear displacement field, assumed to be polarized along the yaxis (along the ridges). The ridged surface is assumed to be small deviations (which depend on the coordinate x)f rom the regularly shaped surface which bounds outwardly the perturbed surface [defining the domain (D 0 ), z ∈ (−L z /2,L z /2)]. The incident displacement field undergoes scattering on these irregularities, which therefore induces modes coupling inside the plate.
Fort his problem, the analytic procedure whereby one expresses both the perturbation of the incident field when propagating along the rough part of the plate and the field created by coupling due to the roughness is presented in ap revious paper [1] , this analytic procedure relying fundamentally on an integral formulation of the basic mathematical problem. The methodology used in this previous paper to solvet he integral equation relies on an appropriate Green'sfunction and aperturbation method (for small roughness)i nt he frame of am odal analysis, using aunique set of Neumann eigenmodes of the regularly shaped surface that bounds outwardly the perturbed surface of the plate.
The formalism givesa nalytic expressions for the coupled SH-waves which are considered, leading to expressions for the reflection coefficient at the input of the rough part of the plate and the transmission coefficient at its output (Appendix A1), which both depend on the parameters characterising the roughness and more specifically on the phase-matching (phonon relationship)between the wavenumbers (along the axis of the plate)o ft he propagating wavesand the spatial periods of the roughness (the ridges). Moreover, results obtained from an alternative analytical solution proposed in the literature [3, 4, 5, 6 ] (Appendix A2), which leads to almost accurate expressions for each mode when only twocoupled modes are considered, are giventosupport the approach used in the present paper.
Being concerned herein by the use of the analytical approach mentioned above,not utilised until now, several results, yet typical of applications, are presented belowand compared with some numerical (available in the literature)and experimental (given in the present paper)results. These results showt hat the method presented here could provide information on geometrical parameters characterising the profile of the roughness (this is of interest when other methods likeoptical methods cannot be used).
Phase matching effects
In each example chosen hereafter,t he roughness is assumed to be either ap eriodically ridged surface or a more sophisticated surface which contains several periodic structures, always on one of the boundaries. Tables  Iand II give ,for each figure presented below, the shape of the profile of the ridged surface, the values of its parameters (including its spatial periods Λ,i ts normalised depth h/L z ,a nd its total normalized length /Λ), the normalized thickness of the plate L z /Λ,t he adimensional fre- Figure 1a ], the SH modes which satisfy the phase-matching (phonon relationship)i nthis frequencyrange, and the SH modes considered, namely incident (σ, m)and scattered (α, r)modes, m and r numbering the modes and σ and α denoting antisymmetrical (1) or symmetrical (2) modes. An example of dispersion curves and curves representing phase-matched relationship [1] , As afi rst example relying on the foregoing Figure 2 (a zoom in the frequencyr ange of interest is giveni n Figure 3a) , the transmission and reflection intensity coefficients respectively at the output and at the input of the roughness, obtained from the analytic procedure mentioned above (outlined in Appendix A1)when considering six modes in the calculus, are shown in Figure 3b for the configuration outlined in Tables Iand II: transmission coefficient of the incident mode (2, 2) (upper curve, dasheddotted line), and reflection coefficients (lower curves) of the counter-propagating, phase-matched modes (2,0) (solid line), (2,1)( dashed-double dotted line), (1,1)( dotted line), (1,0)( dashed line), as functions of the normalized frequency.
These curves showclearly that the energy transfers from the incident mode to each mode created by scattering on the ridges occur at the same frequency, when the corresponding phase-matched relationship is verified (Figure 3a) . These results are coherent with those available in the literature (see for example [7, 8, 9] ). Note that, owing to the roughness, the thickness of the plate is not known exactly,then, the calculated normalised frequencyrelated to aphase-matching cannot be defined exactly.
In the following, in section 3(Figures 4to7)the effects of the depth, the length, and the envelope of the roughness on the SH wavesa re analysed, and in section 4( Figures  8t o1 1 ) the behaviour of SH wavesi si nvestigated when the roughness contains periodic structures. Then, in section 5 (Figures 12, 13 )and (Figure 14) , comparisons with 
results obtained from the model outlined in Appendix A2 (two modes only)a nd with experimental results respectively,are presented.
Influence of the geometrical parameters of the grating

Influence of the depth of the ridges
Figures 4a and 4b show, for the same symmetrical sawtooth profile as the preceding one, the effects of the depth of the ridges on the reflection and transmission intensity coefficients respectively at the input and at the output of the roughness (the parameters are giveni nT ables Ia nd II).
In Figure 4a , the transmission coefficient of the incident mode (2,2)a nd the reflection coefficients (lower curves) of the counter-propagating, phase-matched mode (2,1)are presented, as functions of the normalized frequency, for three values of the adimensional depth h/L z :0.010 (solid line), 0.015 (dashed line), 0.020 (dotted line). In Figure 4b , the reflection and transmission intensity coefficients are givenasfunctions of the normalised depth of the ridges. As expected, these curves showclearly several features: first, the energy transfer from the incident mode to the scattered mode increases when the depth of the roughness increases; second, the phase-matched frequencyd ecreases slightly when the depth of the roughness increases because the mean thickness of the plate decreases; third, the shape of the curves (Figure 4a )c oincides with the square of asinc function (see [1] ); fourth, the sum of the forward and the backward energy flux remains constant (R + T ≈ 1);fi fth, the width of the band gapi ncreases when the depth of the roughness increases [10] . Note that these results are coherent with those obtained numerically for Lamb waves(see for example [11] ).
Influence of the length of the grating
Figures 5a and 5b showt he effects of the length of the ridges on the reflection and transmission intensity coefficients respectively at the input and at the output of the roughness, the other parameters being the same as the preceding ones (Tables Iand II with , the reflection and transmission intensity coefficients are givena sf unctions of the normalised length of the roughness. As expected, these curves showclearly several features: first, the energy transfer from the incident mode to the scattered mode increases when the length of the roughness increases; second, the phase-matched frequencyd oes not depends on the length of the roughness; third, the shape of the curves (Figure 5a )coincide with the square of as inc function (see reference [1] ); fourth, the sum of the forward and the backward energy flux remains constant (R + T ≈ 1).Once more, these results are coherent with those obtained numerically for Lamb waves(see for example [12] 
Influence of the envelope of the grating
In the results presented above,the length of the roughness is just givenb yat runcation of its tails (the envelope of the roughness is givenbyarectangular windowoflength ). This leads to reflection and transmissions intensity coefficients expressed, as functions of the frequency, by the square of asinc function [1] , as shown in Figures 3, 4a , and 5a. Three smoothly tapered windows are considered hereafter.O rdering the windows chosen from the less to the more (smoothly)tapered, theyare respectively: the rectangular window, the Hann window[half period (0,π)o fsinus function], the Barlett window(triangle, using straight line for the taper), and the Blackmann windowg iven by, in the interval (0, ):
The Power Spectral Density (PSD)ofthese profiles for the windows considered, namely the Fourier transform with respect to the abscissa x of the autocovariance function of the adimensional depths of the roughness, as functions of the inverse adimensional spatial wavelength, are given in Figure 6 , the profile of the ridges being assumed to be sinusoidal with aspatial period Λ.The effects of the windows of the roughness on the reflection [mode (1,1)] and Tables Iand II) . The results are coherent with the properties of the windows.
Roughness containing periodic structures
In this section, the behaviour of SH wavesisinvestigated when the roughness contains periodic structures (multiple spatial period, pseudo-random profile).
Roughness with multiple spatial periods
In the first twoexamples considered herein, the ridges are, respectively,as uperposition of twos inusoidal distributions with spatial periods Λ 1 and Λ 2 givenby
and ajuxtaposition of the same sinusoidal distributions expressed as where 0 = 15Λ 1 ,( − 0 =16Λ 2 ,and (
The PSD of these profiles, namely the PSD of the adimensional depths of the roughness, as functions of the inverse adimensional spatial wavelength, are shown in Figures 8a and 8b for the profiles givenrespectively by equations (3) and (4) .Itisnoteworthythat the third spatial period Λ 3 which appears in Figure 8b is due to the super- position of the tails of the curves associated to the other periods (Λ 1 and Λ 2 ). The reflection and transmission intensity coefficients (obtained from the analytic procedure outlined in Appendix A1), respectively at the input and at the output of the roughness, are shown in Figure 9a for the profile 8a and in Figure 9b for the profile 8b, the configuration being outlined in Tables Iand II: the lower curves (dashed lines)r epresent the reflection coefficient of the counter-propagating, phase-matched mode (2,1)a nd the upper curves (solid line)r epresent the transmission coefficient of the incident mode (2,0), as functions of the normalized frequency. These curves showclearly that the energy transfer from the incident mode to the mode created by scattering on the ridges occurs when the corresponding phase-matched relationship is verified for the corresponding frequencies, including the phase-matching linked to the third spatial period Λ 3 .These results are coherent with those available in the literature (see for example [6] ).
Pseudo-random profile
In the next example, the roughness is assumed to have the pseudo-random profile shown in Figure 10a . Its PSD (Figure 10b )exhibits four spatial periods (usually,inpractice, rough surfaces exhibit alimited number of dominant spatial periodicities). Az oom of the dispersion and phasematching curves in the adimensional frequencyr ange (0.5,0.85)isshown in (Figure 11a )and the reflection and transmission intensity coefficients (obtained from the analytic procedure outlined in Appendix A1), respectively at the input and the output of the roughness, are shown in Figure 11b , the configuration being outlined in Tables I  and II . In both figures, the incident mode (1,0)i sr epresented by the dashed-dotted line (forward propagative mode), the counter-propagative scattered mode (2,0)b y the dashed line, the counter-propagative scattered mode (1,0)b yad otted line, and the dispersion curveo ft he phase-matched mode (2,0)byasolid line [the other modes (2,1)and (1,1)considered in the calculus are here evanescent modes]. These curves showc learly that the energy transfer from the incident mode to the modes created by scattering on the ridges (here the same mode as the incident one and another one)o ccurs when the corresponding phase-matched relationship is verified for the corresponding frequencies, i.e. here for three and four values of the frequencyf or the modes (2,0)a nd (1,0)r espectively. These results showt hat conversions of SH wavesc an be predicted by computing the PSD of the roughness, and, conversely,i nformation (i.e. spatial wavelength of periodic structures and their relative amplitudes)c an be acquired through experimental results [13] .
Comparison with analytical and experimental results
The remaining of the paper presents comparisons with results obtained from the model outlined in Appendix A2 
Comparison with the two-coupled modes theory
Figures 12 and 13 show, respectively for the normalized lengths /Λ equal to 40 and 100 (number of regularly distributed trapezoidal grooves),t he results obtained for the reflection (a) and transmission (b) intensity coefficients as functions of the normalised frequencyw hen only two modes are phase-matched, namely the incident one and the counter-propagating scattered one [both being the mode (2,1)h ere], four modes being considered in the calculation. In Figure 12 , these results are calculated from both the analytical solution used in the present paper outlined in Appendix A1 (full lines)a nd an alternative analytical solution proposed in the literature [3] outlined in Appendix A2 (dashed-line), for the parameters giveninT ables Iand II. The curves showag ood agreement between the analytical models, the slight deviation observed being probably due to the different natures of the approximations used to solveequations in each model. In Figure 13 the results are calculated from the alternative analytical solution (Appendix A2)o nly,b ecause, in the stopband, the counterpropagative scattered wave reach the same amplitude as the incident one and thus the iteration process does not converges anymore in the other method (Appendix A1); butunfortunately this alternative method is limited to only twomodes. Figure 13 . Reflection (a) and transmission (b) intensity coefficients as functions of the normalised frequency(100 grooves).
Comparison with results of measurements
The final part provides ac omparison between analytical results obtained from the analytical model used in this paper (Appendix A1)a nd the experimental results obtained from the method presented in Appendix A3. Figures  14a and 14b showr espectively the reflection and trans- mission intensity coefficients [theoretical curves (dashed lines), experimental curves (solid lines)] as functions of the normalised frequencywhen only twomodes are phasematched in the frequencyrange considered, namely the incident one (2,0)a nd respectively the counter-propagating scattered one (2,0)a nd the co-directional scattered one (2,2) [14, 15] , three modes being accounted for in the calculation (see Tables Ia nd II) . Owing to the experimental technique, the experimental amplitudes of these coefficients are unknown. So, their maxima are here normalised with respect to the maxima of the theoretical results. Nevertheless, considering the shape of the curves, the agreement can be considered as excellent. It should be noted that the relative uncertainty 7 · 10
on the experimental value of the shear velocity c T can explain the slight frequency shift which appears between theoretical and experimental curves.
Conclusion
To conclude, it can be noted that the results analysed in this paper highlight several points. The analytical model used to describe the effects of the roughness is successful in relevant situations. It can handle av ariety of realistic situations. While this modelling could appear somewhat cumbersome, the numerical calculations are in fact very simple and rapid to handle. This modelling would be effective in manya pplications even though it assumes that the roughness remains asmall perturbation. Moreover, as mentioned in aprevious paper [1] , it is noteworthythat the theoretical results convey an interpretation of the physical phenomena. Finally,i tc an be emphasized that, givent he relative simplicity of the model used here to obtain the results, there is seen to be close agreement between these results and those available or expected (including results involving Lamb waves),t hereby supporting this theoretical modelling. 
Appendix
where the coefficients A 
represents the effect of the incident field on the mode (m, σ),Ĥ
represents the boundary modal coupling due to the shape profile of the roughness (∂ n 1 = n 1 ·∇denoting the normal derivative with respect to the outward normal n 1 ),
accounts for the depth of the roughness (bulk modal coupling), the endpoints z 1 and z 2 depending on the coordinate x). Table A1 . Geometrical and physical parameters. Figure A1 . Photographyofthe corrugated interface of asample. 
A3. Experimental method
The experimental setup [2] used for measuring the effects of couplings between contra-directional (Reflection Coefficient "RC")and co-directional SH-modes (Transmission Coefficient ''TC")under aperiodic distribution of ridges on ap late is presented in Figures A1 (photographyo fa ridged plate)and A2 (block diagram of the set-up). Transversely polarized, piezo-composite transducers are glued at the ends of the plate (overthe thickness of the plate upstream and on the flat surface downstream)b ym eans of ahigh-viscosity gel to ensure homogeneous applied shear stresses. The upstream transducer acts as both an emitter and areceiverfor the same SH-mode (input and counterpropagating unique mode phase-matched with itself in the frequencyrange investigated), and the downstream receiving transducer is glued on aPlexiglas ® wedge in order to detect another phase-matched mode created by coupling. The geometrical parameters of the plate (length of the ridged part and thickness L z ), the h physical parameters of the material of the plate (density ρ and SH-wave velocity c T of aluminium), the geometrical parameters of the thirty (respectively twenty)isosceles triangular ridges (depth h and spatial period Λ), the −6dBfrequencyband-width (f a ,f b )ofthe transducers, the angle α of the receiving wedge, and the characteristics of the input signal (frequency f e in atone burst)are such as the modes involved in the measurements are (2,0)and (2,2)[these parameters are giveninT able A1]. The excitation frequency f e is tuned by 1kHz step in the frequencyr anges considered for the measurement of the reflection and the transmission coefficients respectively. Foreach value of the frequency, asignal averaging of 100 successive shots is carried out to improve the signal-tonoise ratio and asignal in the time domain of 200µs (25000 points)i sregistered. The same experimental procedure is applied to ap late without grating, providing as ignal of reference for each frequency.
Fast Fourier Transform (FFT)isthen calculated on each signal in the time domain providing a(f e ,f)m atrix. The diagonal elements of this matrix constitute av ectorÂ whose each component represents the complexamplitudes of the FFT at agiven excitation frequency. The ratioÂÂ * (product ofÂ by its conjugateÂ * )with and without grating leads to the normalised reflection or transmission intensity coefficient (this ratio enables to cancel the effect of the frequencyr esponse of the transducers in their frequencypassband).
